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Abstract Polymer injection is a widespread strategy in enhanced oil recovery.
Polymer increases the water viscosity and creates a more favorable mobility ra-
tio between the injected water and the displaced oil. The computational cost of
simulating polymer injection can be significantly reduced if one splits the gov-
erning system of two-phase equations into a pressure equation and a set of satu-
ration/component equations and use a Gauss—Seidel algorithm with optimal cell
ordering to solve the nonlinear systems arising from an implicit discretization of
the saturation/component equations. This approach relies on a robust single-cell
solver that computes the saturation and polymer concentration of a cell, given the
total flux and the saturation and polymer concentration of the neighboring cells.
In this paper, we consider a relatively comprehensive polymer model used in an
industry-standard simulator, and show that, in the case of a discretization using
a two-point flux approximation, the single-cell problem always admits a solution
that is also unique.

1 Introduction

In reservoirs with highly viscous oil, fingering effects lead to water penetrating
easily the most permeable parts of the reservoir. To avoid a situation in which
early water breakthrough leaves large fractions of the reservoir unswept, polymer
is used to increase the water viscosity and establish a more favorable mobility
ratio between the two phases. In this paper, we consider a two-phase flow problem
with a polymer component. Polymer is miscible in water, but in realistic reservoir
models the coarseness of the grid does not allow for a detailed computation of the
mixing zone. Instead, we have to resort to averaging models (see [1,6]) and consider
the Todd—Longstaff mixing model [12], which is commonly used in commercial
simulators. We also include the effects of permeability reduction and polymer
adsorption in the model.
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The governing equations are the mass-conservation equations for water, oil,
and polymer. Fully-implicit solvers are usually prefered for their robustness, but
are computationally expensive since one needs to solve a large, coupled system of
nonlinear equations. To reduce the computational cost, the equations can be split
into a pressure equation and two transport equations, one for water saturation
and the other for polymer concentration. The pressure and transport equations
are then solved sequentially. In the transport step, one can in certain cases re-
order the cells following the direction of the flow, so that the system of discrete
transport equations takes a triangular form and can be solved iteratively cell-by-
cell in a very efficient and robust manner; see [11] for the two-phase case without
polymer. In particular, in the absence of gravity and when using a two-point flux-
approximation scheme to discretize the pressure equation, such an ordering can
be obtained by sorting the cell pressures in descending order, from injection to
production wells. This property can also be utilized in the presence of gravity if
one splits the transport equation into a Darcy component, which can be ordered
into a triangular system, and a gravity component, in which cells are only coupled
in the vertical direction. Such a splitting is particularly attractive for heavy-oil
reservoirs, where the effect of gravity segregation is weak because of small density
differences between injected water and the heavy oil.

In the general case, the system of discrete transport equations can be permuted
to a block-triangular form, in which each block contains a set of cells that are made
interdependent by the orientation of the flux. When setting up such a permuta-
tion, we try to minimize the size of the blocks. In the case when the cells can be
completely reordered, each block will contain only one cell. Once the ordering of
blocks has been computed, we can use a nonlinear Gauss—Seidel algorithm to solve
the transport equations on each block, see [10] for a detailed description of the
algorithm in this context. In the case of a two-phase flow problem without poly-
mer, it is shown in [7] that a nonlinear Gauss—Seidel algorithm for the transport
equation is globally convergent, that is, converges from any given starting point.
They prove the convergence of the nonlinear Gauss—Seidel algorithm using mono-
tonicity arguments. Monotonicity arguments can do an excellent job for scalar
equations, but are usually difficult to adapt to systems, as we have herein with
two unknowns, the saturation and the polymer concentration. In this paper, we do
not formally prove convergence of the nonlinear Gauss—Seidel algorithm. Instead
we give a compelling argument for its utility by proving that each of the nonlinear
sub-problems that are required in the algorithm admits a unique solution. This,
to back up the numerical experiments in [10], which show the good scalability
properties and computational efficiency of this method.

The single-cell problem consists of computing the saturation and concentration
in a given cell, knowing the total flux in and out of neighboring cells as well as the
saturation and concentration values in these cells. The total flux is obtained by
solving the pressure equation in the pressure step. Mathematically, the single-cell
equations are a set of two nonlinear equations whose particular form depends on
the time step, the local cell geometry, the fluid and rock properties, the saturation
and concentration values of the neighboring cells, and the total flux across the cell
faces. The main achievement in this paper is to show that the single-cell problem
is always well-posed for any time-step length. By well-posed, we mean that there
exists a solution and that this solution is unique. For the Darcy component of the
transport equation, we extend the results obtained in [10] with equal fluid com-
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pressibilities to the case with different compressibilities, assuming that one of the
two phases is always more compressible than the other. This assumption is not too
restrictive as oil is typically always more compressible than water. Our result relies
on some properties of the pressure equation, which have to be chosen with care.
For the gravity component, we use a standard phase upstreaming for saturation,
whereas for the polymer concentration it turns out that phase upstreaming is not
appropriate and we present a numerical flux that guarantees well-posedness.

2 Mathematical Model for Polymer Flooding

Our starting point is the mass-conservation equations for oil, water, and polymer

S (pad5a) + V- (pava) =0, a € {w,0}, (1)

%(Pu@SwC) + V- (cpwVvuwp) = 0. (2)
Here, po, va, and S, denote the density, flux, and saturation of the phase «.
The porosity is denoted by ¢ and is assumed to be a function ¢(p) of pressure
only, ¢ is the polymer concentration, and v, is the velocity of water containing
diluted polymer. Fluid sources and sinks may be included in a manner equivalent to
boundary conditions, and are left out of the above equations. The capillary pressure
pe(S) = po — pw is a decreasing function of the water saturation S (subscript w
is dropped henceforth). To model the viscosity change of the mixture, we use the
Todd—Longstaff model [12]. This model introduces a mixing parameter w € [0, 1]
that takes into account the degree of mixing of polymer into water. The viscosity
um of a fully mixed polymer solution is a given function of the concentration. The
effective polymer viscosity is defined as

Ip,eff = [m (C)wpéiw with Up = Um (Cmax), (3)
where cmax is the polymer concentration of a saturated solution. The viscosity of
the partially mixed water is given in a similar way by

pe = pm (€) pas ©. (4)

The effective water viscosity ju, og is defined by interpolating linearly between the
inverse of the effective polymer viscosity and the partially mixed water viscosity

1 _ 1-— C/Cmax + C/Cmax ] (5)
Hw,eff Hw,e Hp,eff
For the polymer flux term vy, the relative permeability is assumed to be equal to

the relative permeability of water, kv, and the viscosity is equal to pp og. Darcy’s
law, written in terms of the oil pressure p, then gives us

k'f‘?l}
vy = ———FF— K(Vp — Vpc — Vz), 6
4T e (e P Ve pua V) )
k
Vip = =K (Vp— Vpe — pugV2) = m(cvu, (7

B Np,cf‘ka: (Ca)
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as we assume that the presence of polymer does not affect the pressure and the
density. The polymer mobility factor m(c) that enters (7) is defined as

_ Hw,eff

m(e) Hp,eft
P,e

and, after some simplifications, we get

m = [(1- o) () o] ®

Since we assume that the polymer viscosity is larger than the water viscosity,
ie., pw < pp, we have m < 1 for all ¢ € [0, cmax]. The function Ry (c*) denotes the
actual resistance factor and is a non-decreasing function that models the reduction
of the permeability of the rock to the water phase due to the presence of adsorbed
polymer. The concentration of adsorbed polymer is denoted by ¢®. We introduce
the total flux as v = vy + v,. We have

v=—Qw+X)KVp+AuKVpc+ g Awpw + Aopo) KV z

and after some computation, we obtain the following expression for the phase
velocities v, as functions of the total velocity v

vV = fuV + Veap + Vg and  vo = foV — Vcap — Vg (9)
with
_ )\a _ )\U))\O
fa = ma Vcap = N + /\OKVPCa (10)
and
Aw A
Ve = 122 (pu — po)gK V. (11)
w to}

Here, Ao denotes the mobility of phase a, i.e.,

krw and Ao = @

Ay — ——
v /Jw,efka (Ca) Mo

The timescale of adsorption is much smaller than that of mass transport. Thus,
we assume that adsorption takes place instantaneously so that ¢® is a function of
c only. Let p, r denote the reference rock density and ¢.e¢ the reference porosity.
The adsorption of polymer is then taken into account by replacing (2) by

0 0 a
a(;h,ﬂzxswc) + a(pr,ref(l — ¢rer)c?) + V - (cpwvuwp) = 0. (12)

It is natural to assume that c® is an increasing function of c. Finally the modeling
equations are

D (pat5a) + V- (pava) =0, a€ w0} (13a)
0 0 a
a (pw¢SwC) + &(pr,ref(l - ¢ref)c ) + V. (prva) =0. (13b)

where v and vy are defined in (6) and (7) using (3), (4), and (5).
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3 Discretization and Splitting of the Equations

Simple PVT behavior is modeled through the formation-volume factors bo, = ba (p),
defined by pa = baps, where p5 is the surface density of phase a € {w, o}. Inserting
this into (13), the system can be simplified by dividing each equation with the

appropriate surface density p3,

9
ot
) )

&(bw(bswc) + En ((1 - qbref)éa) + V- (bwevwp) =0, (14b)

(ba®Sa) + V- (bava) =0, (14a)

where we for convenience have introduced the short-hand &é* = c“pmef/p;z. To
discretize (14), we introduce a grid consisting of cells C; with a bulk volume V;,
integrate over each cell in space, and apply a standard implicit method for the
temporal derivative. This gives the following residual equations

At
0= (ba,i‘z’isa,i)nJrl — (ba,i#iSa)" + A E (ba,ijva,ij)n+1 = Rai, (15a)
(2 .
j

for a € {w, 0} and

a n+1 a n
0= (bw,i¢isw,ici +(1- (;bref,i)ci) - (bw,misw,ici + (1 = dret,i )

At +1

+37 2 (bwijcijvupis)” = Rei. (15b)
K3 .

J

Here, subscripts ¢ denote quantities associated with the cell C; and subscripts
ij denote quantities associated with the interface between the cells C; and Cj.
Superscripts denote time steps. To derive a discrete pressure equation, we sum the
two phase equations (15a), using (9) and the condition Sw + S, = 1 to obtain the
pressure residual equation

n

b
0=¢" = > (Girsus)

ac{w,0} i

v > biﬁ (vt + g6ij + maij) = Rpi. (16)
oy ac{w,o} Qi

Here, v;; is a discretization of the total flux. We use a two-point flux approximation
to obtain a relation of the form

vij = =Tij(pj — pi) + gij + mij- (17)

The transmissibility T;; depends on saturation and concentration, g;; is a dis-
cretization of the gravity term meCj 9(Awpw + Xopo) KVz - ndA, and m;; is a
discretization of the capillary term fCimcj AwKVpe -ndA. The exact forms of g;;
and 7;; do not matter for the results that are presented here as long as 9ij = —9ji
and 7;; = —m;; to ensure mass conservation. Similarly, we require that T;; = Tj;
for conservative reasons. The terms g,, ;; and g, ;; correspond to discretizations of
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f cinc, Ve -n dA and they therefore depend on saturation and polymer concentra-
tion. For conservation reasons, we require that g, ;; = —guw,ji- We also impose that
Jo,ij = —Yw,ij» Which is the only property that is required for g ;; in Section 4. The
terms 7y, ;; and m, ;; correspond to discretizations of [ cinc, Veap n dA. Similarly,
we require my, j; = —y, j; and 7, ;; = —7y ;- When solving the pressure equation,
the terms T;;, fa,ij, 9ij» 9a,ij, Tij, and 7 ; are evaluated using the saturation
and concentration values of the previous step.

Our overall system consist of the pressure equation (16) and two transport
equations: Equation (15a) with a = w for the water saturation and equation (15b)
for the polymer concentration. To solve this coupled system, we use a standard
sequential procedure in which the pressure and transport equations are solved in
consecutive steps. We also split the transport equations (15) into a Darcy com-
ponent and a component for the segregation and capillary pressure effects. The
Darcy step consists of solving a discrete transport equation for the water phase

At

1
V (bwyijfwvij)n—i_ = O7 (18)
[

(bw,i¢isfu,i)n+1 — (buw,i®iSw,i)" +

and a corresponding residual equation for the polymer (see (24)) to obtain satu-
ration and concentration values S;""! and ¢/ *'. These intermediate values are
then used in the segregation/capillary pressure step given by the water equation

* At
(bu,ii (Sw,i — Sipi))" ' + A > (bwsij (gwij + mwig))" T =0, (19)
J

K2

and a similar residual equation for polymer (see (39)) to update Si™* and ¢" 1.
Even though the terms gq,i; and 74 ;; in (16) and (19) share the same notations,
they are not the same. In particular, g, ;; and 7y, ;5 in (19) depend on saturations
and polymer concentrations at step n+1 so that (19) is indeed an implicit equation.
The notations should not be confused and the definitions of gy, ;; and =, ;; for
equation (19) are given in Section 5, see (50), and (51). In the two following
sections, we show that the single-cell problems for the Darcy component (18) and
for the gravity/capillary component (19) are well-posed.

4 The Darcy Component

Henceforth, we will follow the convention that when a time superscript is omitted,
the corresponding term is evaluated at the time step n+ 1 (for example p; and @;
stand for p;H'l and ¢(p?+1), respectively). Also, S without the phase subscript will
mean Sy, the water saturation. To decouple the pressure and transport equation,
all properties that depend on S and ¢ in (16) are evaluated using saturation and
concentration taken at the previous time step n. With v;; given by (17) and using

an upstream evaluation of the fractional flow f,, the pressure equation can be
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rewritten as

7 .
L, n
= Sen,i)

fe'%}

b
Ry =i — i Z (b

ac{w,o}

At ba.ii
+ - Z Z (fa(S;l, C;L) oz,l‘] ’U,’j)
Vi ba,z

ac{w,o} {j|vi; <0}

+%-t N ACEINDS (bba’%m)

ac{w,o} {jlvi; >0} il
At n{ Yo ij bwﬂ‘j)
+ V; - (go,m +7ro,z]) (bo,i bu 0 ( O)

Here, the values of the surface volume factors have to be evaluated at the interface.
To do so, we could consider an approximation of the interface pressure, denoted
pij, and set by ij = ba(pij). However, to be able to prove uniform stability of the
Darcy component, we have to use a type of upwinding for the evaluation of b ;;.
That is, for v;; < 0 we set

borss = {bam i (fo(ST el 00y 70a) i =) SOy
ba(pj), if (fo(ST,cf)vij + 9045 + mhis) (pi —pj) >0,
and similarly for v;; > 0
borss = {bam), i (folS7' ¢ ois + 0555+ 70 35) (0 = 1) <O, (21b)
ba(pj), if (fo(ST,c})vij + g5 + mois) (Pi —pj) > 0.
Because v;; = —vj;, 9;j = —gji, and m;; = —mj;;, one can check that b, ;; =

ba,ji, a condition that is required for the scheme to be conservative. Note that
fovij + go,ij + To,ij is an approximation of the oil flux v, - n so that, assuming
that oil is always the most compressible phase, condition (21) can be rephrased
as follows: If the flux of the most compressible phase is in the same direction as
the inverse pressure gradient and the total flux, then we evaluate the densities
by taking the pressure value downwind; otherwise, we use the upwind value. The
motivation for definition (21) will appear in the proof. The definition of v;; has
been introduced (17) and is of the form

U’ij = 7TZ(S'ZI7C:L7S?7C§L)(p] 7p1) +gl](Szlyc:L7S?7C;L) +ﬂ—z](szn7c?7sjnyc_7]l) (22)

The transmissibility coefficients T;; are computed using harmonic means of the
permeabilities weighted with the mobilities. Since the particular definition of T;;
is standard and has no incidence in the results that are presented, we do not
detail it here. For the same reasons, we do not give explicit expressions for the
discretization of the terms g;; and m;;. Once p; and v;; are obtained by solving (20),
(21), and (22), we can proceed with the transport step. The Darcy component for
the water residual equation is

Ry i(S,¢) = (buw,i$iSi) — (buw,idiSi)"
4 A > (fulSje)b --u--)+§f (Sivei) Y. (buwijvij) =0, (23)
v w\~ gy g )Yw,g Yy Vz w\~ry w,i) Yy ) — Y

i )
{jlvi; <0} {jlvi; >0}
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while, for the polymer residual equation, it is given by

Rei(S,¢) = [buw,idiSici + ¢ (ci)(1 = bret,i)| — [buw,idiSici + & (ci)(1 — breri)]”

At
+7i Z (m(cj)cjfw(sj7Cj)bw,ijvij>
{Jlvi;<0}

A
+ (mleeifu(Sic)) T D (bugvi) = 0. (24)
" {jlvi;>0}

Note that the polymer concentrations are also evaluated upstream. The single-cell
problem for cell C; now consists of solving

Rw’i(S, C) =0 and Rc,i(S, C) = 0, (25)

where we by slightly abusing notation let (S,c) denote the unknown cell values
(Si,c;i). The other values S;, for j # i are assumed to be known. The main result
of this section is the following existence and uniqueness theorem.

Theorem 1 Assume that oil is more compressible that water. Then, given the solutions
pi and v; to the pressure equation (20), (21), and (22), the solution to the single-cell
problem (25) exists and is unique for any physical value of the other parameters and,
in particular, for any time step size At.

Proof We decompose the proof into two steps:

— Step 1: We prove that, for any c € [0, cmax], there exists a unique S, which we
denote S(c), such that R, ;(S(c),c) = 0.
— Step 2: We prove that R ;(S(c),c) = 0 admits a unique solution ¢ € [0, cmax].

The conclusion of Step 2 is equivalent to the conclusion of the theorem and there-
fore also concludes the proof.

Proof of Step 1: Given ¢, let us compute the values of the water residual at
the endpoints, that is, for S =0 and S = 1. For S = 0, we have
n, At
Rw,i(0>c) = _(bw,i¢isi) + 7 Z (fw(Sj7Cj)bw,ij’l)ij) S 0. (26)
" {dlvi; <0}

For S = 1, after using (20), we have

1 1
4Rw,i(17c) = b 'Rw’i(l,c) — Rp’i =A+B+C+ D,

bw,z w,i
where
A (o= ) - (s Borsn) - (- Bt
bw,l bw,z bo’l
At buw i bu.ij b s
B=0 30 v (fulS5e) 3 = fulS) )3 = folSF )T )
K buw,i by i bo.i
{vi; <0} ) R ;
At buw,ij bw ij b
v (f”“”)“’# ~ Fu(ST )G~ folSTef) ]> ,
bw,z bw,z bo,z

v {vi; >0}
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and

b
2(901J+7T0”) ( w,ij o,z])’
boi

s

These expressions simplify as follows. We have

oY .
A= ot
bo,i

n an
'So,ia

so that A > 0, and

B2 5 (s (Gt -0 ) - uise)),

i
{vi;<0}

_ At wij  Doij
C = 7 Z szfO(Sz y Ci ) ( — m .

* {vi;>0} W

In the case where oil and water compressibilities are equal so that b, = by, we
have C = D = 0 and B > 0. In the general case, a sufficient condition to ensure
that Rw(1,c) > 0 is that the quantity E, defined as

bw,ij  boij
B 3 (folSP v + gl + i) (bw_ - e

{vi; >0}

+ Z (fo(S7, ¢} )vij + 95,45 +7row)<bw7l.j _%>
{vi,<0} w,i 0,i

is positive, because we have

At At
B+C+D=3E+ 3 |viz

. ( fw(SJ’C]))

{vi; <0} ’

We assume that the water compressibility is smaller than the oil compressibility
in the pressure range we are interested in, that is,

cw(p) < co(p) for all p € [Pmin, Pmax]- (27)

Let us prove that, for any p1,p2 € [Pmin, Pmax], if p1 < p2, then

bo(p2)  buw(p2)
bo(p1)  bulp) > (28)

By definition, we have bl dé’; = ca(p). Hence, d(In(bo)) = co(p) dp. After integrating

and using that p; < p2, we obtain

bw(pQ)) /p2 /p2 bo(p2)
In| —= | = cw(p)dp < co(p)dp =In | ——%
(i) = [ cvtwan< [t bolr1)
so that (28) holds. The definition (21) of by ;; at the interface precisely guarantees
that E remains positive in all cases. To prove that R, (S, c) admits a unique solution
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in S for a given c, it remains to prove that the function S — R (S, c) is strictly
increasing. We simplify the notations and rewrite the residuals in cell C; as

Rw(S,C) :015+02fw(5,c)—03, (29&)
Re(S,c) = 01Sc + 04c®(c) + oam(c)efuw (S, c) — o5, (29b)

where {0;}7_, are constants whose definition can be inferred from the definition of
the residuals. These constants depend only on the values of S; and c; of previous
time steps or other cells than C;. Moreover, all these constants are non-negative
and o1 > 0. We have

ORw 0 fw

o5 o1t o2ng

As expected, the fractional flow is an increasing function of saturation. Indeed, we
have

afw_ a)\w o % -2
W‘(as” A“’as)(x‘“*k") 20,

because 85\—;“ > 0 and % < 0. Since

ORw

Rw(O,C) < 07 Rw(17c) > 0 and W

> 0,
there exists a unique solution S(c) to Ry (S(c),c) = 0 for any given ¢ € [0, cmax].
This concludes the proof of Step 1.

Proof of Step 2: As in Step 1, we start by checking the endpoints, which in
this case are ¢ = 0 and ¢ = ¢max. We have

Rc(S(0),0) = —(bigiSici + ¢ (ci)(1 — ret,i))”

At
+ 5 2o (mle))ei f(Si¢h)bigvig),
! {jlvi; <0}

so that R.(S(0),0) < 0. For ¢ = cmax, using that Ry (S(cmax), cmax) = 0, we have
RC(S(CmaX)7 Cmax) = RC(S(Cmax)7 Cmax) — Cmawa(S(Cmax), Cmax) =A+B+C,
where

A= (6%(emax) = €%(c7')) (1 = dreti) + (cmax — ¢ )bu,i97 Si* > 0,
B At

— v Z (m(cj)ej — emax) fw(Sj, ¢j)bijvij
{Jjlvij<0}
At
C = W(m(cmax)cmax - Cmax)fw(s(cmax)7 Cmax) Z bijvij~
{jlvi; >0}

Since m(cmax) = 1, we have C = 0. The function m(c) is non-decreasing because

1—w
a1 _ 1 (B
o= (1 (Mw) ) (30)
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and pp > pw by assumption. Hence, m(cj)cj — ¢max < ¢j — ¢max < 0, so that B >0
and it follows that Ruw(S(¢max),cmax) > 0. Let us now prove that the function
¢+ Rc(S(c),c) is a non-decreasing function. We have

dR: = o1(cdS + Sdc) + 04 de” + oo f d(m(c)c) + ocam(c)cdf. (31)

Since S(c) is solution of Ry (S(c),c) = 0, we have
01dS + oadf =0 (32)

from (29a). Plugging this result into (31), we get
dR: = a1¢(1 —m(c))dS 4+ 015 dec + 04 de® + o2 f d(m(c)c). (33)

From (32), we obtain that

0 0
(014 02 ag) ds = —aga—i de,
which yields, by (33),
8f dRc _ 2 g f déa
(o1 +0285) S—|—Ugasf<;fm +U4(Ul+0285)

+0102(Sg+f (mc)—c(l—m)%). (34)

Let us prove that < 0 so that (34) implies <3 dRﬁ > 0. Since Aw = krw/ i eff Rk,
we have
of  w Ao

af 9 ) kw o
9c = 8c Dt o)~ dc Hwettflk) oo

RZ (Aw + Xo)?

<0. (35)

w7

Indeed, by assumption, aé%’“ > 0 and we expect that a” w.efl > (0 because the effect
of polymer is to increase the effective viscosity of water. Let us check this directly.

Because puy et = m(c)pperr and pp e = pm(c )“’pzl, “. we have

d d d
T In(pw,eft) = T In(m) + W In(pm).

Since m and, by assumption, um, are non-decreasing functions, we can conclude
that pu, eg is non-decreasing. Thus we have

RC(S(O), 0) <0 and Rc(S(Cmax)7 Cmax) >0,

and there exists at least one solution ¢ to R¢(S5(c),c) = 01in [0, cmax]. If, S(c) > 0 for
this solution, then ¢ e Re - () because o1 > 0 and the solution is unique. Otherwise,
if there exists a cp such that S(co) = 0 and R.(S(co),co) = 0, then we have by (26)
that S = 0 and fu(S;,¢;) = 0 for all j such that v;; < 0. The polymer residual
becomes

Re(S,c) = é%(c) — é%(c}).

In the absence of adsorption, this yields Rc(S,c) = 0 for all ¢ € [0, cmax]. Thus, the
solution is not unique. This property simply reflects the fact that concentration
is not a well-defined quantity in the absence of water. Note that adsorption will
have a stabilizing effect. Indeed, assuming that é* is a strictly increasing function,
we recover uniqueness. This concludes the proof of Step 2.
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5 The Segregation and Capillary-Pressure Component

To take the effects of gravity segregation and capillary pressure into account,
we have introduced an additional operator splitting for the transport equations
as described at the end of Section 3. This operator splitting method was first
introduced within streamline simulation [4,5,2], but can also offer certain benefits
for finite-volume methods, e.g., as discussed in [9]. In this section, we will first
discuss the monotonicity properties in the scalar and then use this insight to
formulate a suitable discretization and prove that this second segregation/capillary
step is well-posed in the sense that it admits a unique solution.

5.1 Residual equations

The discrete residual equations for the segregation of water and polymer are given
by

" At
bu,i9i(Si — S;) + v Z buw.ij (9w,ij + Tw,ij) =0, (36a)
J

(bw¢0(5 —8%) 4+ (1 = ¢rer) (¢ (c) — Ca(c*)))i + Av: Z buw,ij (9e,ij +7e,ij) = 0. (36b)
J

Here, the terms gy, ij, 9e,ijs Tw,ij, and 7. ;; that correspond to the following ap-
proximations

Gw,ij = / vg - ndA, Geyij / em(c)vg -mdA,
CinC; CinG;

Tw,ij & / Veap - dA, Teij & / em(c)veap - ndA,
Cj,an Cj,an

respectively, remain to be defined precisely. We use a two-point flux-approximation
scheme to discretize the terms meCj bw (pw — po)gKVz-ndA and fc,;mcj KVp. -

ndA. For a face C; N Cj, the flux of the gradient of a function 1 is approximated
by

/ KV - ny dA, ~ Ty (6 — 1),
Cif—]Cj

7y = (t1+tl)_1. (37)

i 71

where

Here, t;; denotes the one-sided transmissibility coefficient of cell C; with respect
to face C; N C;, defined as

tij = ngj - Keij/ }Cijlz’

where ¢;; denotes the vector from the cell centroid of C; to the face centroid of
C; N Cj, see [8] for more details. Let us denote T} ; as

S s
Tﬁj = gbuw,ij (bw,ijpw — bo,ijpw)Tij,
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where T;; is defined by (37) and the face values of the formation-volume factors
ba,i;j are given in (21). Similarly, we introduce

B .
155 = bw,ijTij-

We introduce the notation u = (9, ¢, z). The last variable z is included to make a
unified presentation of the various definitions and concepts, but it is never going
to be an unknown value as S or c¢. Then, we rewrite (36) as

At At
buw,idi(Si — S7) + WT’% ZFg(uiauj) + WTZTJF ZFﬂ(uuuj) =0 (38)
J J
and

buw,i®i(Sici — Sici) + (1 — ¢rer) (" (i) — ()

At At ™
+7T92G9(ul,u])+7Tsz (ui,uj) =0. (39)
j R

The functions F"(uj,ur) and G*(u;,u,), for k € {g,n}, will be defined below,
after a short discussion of the scalar case. For the numerical flux F9, we will use
a phase-upwind mobility approximation,

Aw (S, )Mo (1 = Sr)
Aw (S, er) + Ao(1 = Sr)

F9(up,ur) = (zr — 21). (40)
Note that the value of the polymer concentration in the mobility term A, is taken
from the same cell as the water saturation (with value (S, ¢;)); that is, we use up-
winding from the water phase. For the numerical flux GY, a similar phase upwind-
ing argument would again lead us to take the value of the polymer concentration
from the same cell as the water saturation, because polymer belongs to the water
phase and we would consider the numerical flux

)\U)(Sly Cl)Ao(l - Sr)

g —
G (ulau"") - m(Cl)Cl )\w(shcl) + )\0(1 — ST

y e = 21)- (41)

Unfortunately, this choice does not guarantee a well-posed scheme.

5.2 Monotonicity properties in the scalar case

Let us investigate in a scalar setting what are the requirements on the numerical
flux function to obtain an unconditionally stable single-cell problem. We consider
the scalar conservation law

ut + f(u)z = 07
which we discretize using an implicit Euler scheme. That is, we write
1 At 1 1 1 1
u?"‘ —uy + X [Fg(u?"’ 7u?_:'1 ) — 1‘7'9('ILZT-L_""1 ,u?"' )} =0,

where the function F9(u;,ur,) is a discrete approximation of the flux between two
cells. For compatibility reason, we require

FI(u,u) = f(u).



14 Xavier Raynaud et al.

The single-cell problem consists of finding the solution of R(u) = 0, where

At
R(u) =u—uj + s [Fg(u7 Uig1) — Fg(ui_l,u)}
and ', u;—1, and u; 41 are known. Let us determine the conditions for which this
scalar equation admits a unique solution for any given uj', u;_1, u;41 and At. Since
u;’ is arbitrary, we must have that R is monotone. By taking At small, we obtain
that if R is monotone, it can only be increasing. By taking At very large, we see
d ) ) ps . .
that we must have {&(F(u,u;y1) — F(u;—1,u)) positive. Since this must hold for
any u;+1 and u;_1, we end up with the following monotonicity conditions for 9,
OF9 OFY

> <0.
9 >0 and Jun S 0 (42)

The Engquist—Osher flux [3]

9 (up, ur) = ulmx,'u u urmin,/u u
F9(u, >/O a(Of())d+/0 (0, #'(u)) du + £(0)

is an example of a flux function satisfying this condition. In the case of grav-
ity segregation, it is common to use a numerical flux with phase-wise mobility
upwinding,
Fg(Sl,Sr) _ Aw(Sl)Ao(l _ Sr) )

)\w(Sl) + )\0(1 - Sr)
Since Ay and A\, are non-decreasing functions, we can check that this discrete flux
satisfies the condition (42).

Let us now turn our attention to the capillary pressure term, which will change
the nature of the transport equation from hyperbolic to parabolic. We consider a
generic, nonlinear, scalar, parabolic equation of the form

ut = a(u)mx (43)

where a is an increasing function. For stability reasons, it is well known that
we have to use implicit schemes to discretize (43). A standard finite-difference
approximation gives us

At

1y . ontl
RT(u]™") ==} —u?—I—QAx

1 1 1
[2a(u ™) — a(ui ) —a(uif] = 0. (44)
Then, we observe that R™ is an increasing function so that the solution to R™ is
unique. Moreover, the discretization (44) implies the following maximum principle:
If u?+1 > u; for some index ¢ that does not correspond to a boundary cell and

n, then we cannot have u?"'l = max; u;""l. Indeed, u:”'l = max; u?"'l and the
monotonicity of a implies that 2a(u*") — a(uf™') - a(u?j‘ll) > 0, which is not

compatible with (44) if u?"'l > wuj'. Thus, the scheme enjoys good robustness
properties. Our discretization of the capillary pressure term is closely related to
(44), which becomes clear when we rewrite (44) in the following finite-volume form

u?"’_l — g + %ZF‘”(U,U]') =0
J

with F™ (uy,ur) = a(uu) — a(ur) and the index j spans the values {7 — 1,7 4 1}.
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5.3 Well-posedness of the single-cell problem

For the full polymer model, the residual Ry (u) and R.(u) for water and polymer
in cell C; are given

Ru(u) = byidi(S — S7) + fTJ ZFq w,uj) + T;;ZF”(u u;)  (45)

and

Re(w) = by,i¢i(Sc = Sici) + (1 = drer) (c*(c) — Ca(CZ‘))

+ fTJZGg ) + T:;ZG” w,u;)  (46)
where the numerical fluxes are defined below. The single cell problem for the cell
C; consists of finding u = (S, ¢, z) such that

Ry(u) =0, Re(u) =0, 2= z.
For the numerical flux functions of the segregation term, we define, for z, > z,

)‘w(shcl))‘o(l )
)\w(Sl,Cl) + )\0(1 — S
Aw(Sy,er)Xo(1 = Sr)

Fg(ul7u7)

) (ZT - Zl)7 (473‘)

g — _
G (ug,ur) = m(e)q )\w(Sl,Cr) (= Sr)( 21), (47b)
(47¢)
For the capillary pressure term, we define, for S; > S,
Aw (S, ¢)Ao(1 —
P g ) = 2SR5 (g p(sy)), (47)

Aw(Sy, 1) + Ao(1 = 5r)

Aw (Sp, er)Xo(1 — Sr)
Aw(sl,lw) T ho(l—5,) (pe(Sr) = pe(S1)).  (47e)

G™ (ug, ur) = m(c)e

and we extend the definitions of F* and G” to all values of u; and u, by requiring
that
Ff(ur,w) = —F"(u,ur) and G"(ur,u;) = —G"(u;, ur), (48)

for all w; and w,, which is a necessary condition for the method to be conservative.
Note that G* for k € {g, 7} depends on both ¢; and ¢,. These functions have been
chosen because they enjoy the following monotonicity properties

OF" OF" oG"” oOG"”
> — < _— > > 4
25, =% o =0 a5, =% aq 20 (492)
OF" oOF"™ oG~ oG~
< =0> < <
oSy — 7 ey 0=0, oSy — 0, Ocr — 0 (49b)
when 2z, > z for K = g and when S; > S, for kK = m. The proofs of (49) follow
d(mc)

from the chain rule and the fact that d > 0 (as m is an increasing function,
see (30)), % )), and g/\TZ >0 and gg‘; >0
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(by assumption). The notations that are necessary to define the terms gy ij, ge,ij
Tw,ij and 7¢ 4; in (19) have now been introduced and we have

g g
Guwij = —2 F9(u;,u;) = L G (u;,uj) (50)
w,ij burij i, W5),  Yeyij bu ij © 7
and
™" T
Tw,ij = bwlzj F™(uiug),  Teij = bwwij G™ (ui, uy). (51)

Our main result on well-posedness for the gravity/capillary step reads as follows:

Theorem 2 For the numerical fluzes defined by (47) and (48), there exists a unique
solution (S, c) to the single-cell problem

Rw(S,c)=0 and Rc(S,c)=0,
for any value of the other parameters and, in particular, for any time-step size At.

Proof To simplify the notation, we rewrite (45) and (46) as

Ru(u) =o(S = S7) + > BIF (u,uy) + > BT F™ (u, u)) (52)
J J

and

Re(u) = a(Sc - Sici) +6(c*(c) — ¢*(ci))
+) B (u,uy) + > BTG (uuy).  (53)
j j

The definitions of the constants a, 87 and ¢ follow from (45) and (46). All these
constants are positive and « > 0. We introduce the sets of indices I j’_ and 1Y of
the neighboring cells of C; for which z; > z; and z; < z;, respectively. Similarly, I
and I” denote the sets of indices of the neighboring cells of C; for which S; < S;
and S; > S;, respectively. We can decompose the sums over neighboring cells in
(52) and (53) as follows

Zg}“F"(u’uj) = Z BYF" (u,u;) — Z BYF" (uj,u),
J

JEILf JEI®

and
ZﬁfG”(u,uj) = Z BFG" (u,uy) — Z BrG" (uj,u),
j JEI; JEI®
These decompositions are convenient because, each of the F* and G" on the right-

hand side of these expressions, are only evaluated where they take positive values
and where the inequalities (49) hold. Again, we split the proof in two steps:

— Step 1: We prove that, for any c € [0, cmax], there exists a unique S, which we
will denote S(c), such that Rg,(S(c),c) = 0.
— Step 2: We prove that R.(S(c), c) admits a unique solution in ¢ € [0, cmax].
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Proof of Step 1: We differentiate these expressions and obtain

ARy = [a+ > (Z B = E)S -> ﬂf%)]ds
k={g,m} JEIL jerx
[ > (Z Bj 301 - ; 5;681; )}dc (54a)
jerr

r={g,m} JEIf

and

dRc:[aC“‘ Z (Zﬂj Z /5'] )]

rk={g,7} JelIf

+[a5’+6%+ (Z BF ac Zﬂj o )} (54b)

k={g,m} JEI}

To simplify the notation in the previous expressions, we do not write the values at
which the partial derivatives are evaluated and assume that they are evaluated at
(u,u;) if the expression occurs in a sum over I, and evaluated at (u;,u) if in a
sum over I®. We will follow this convention in the remainder of the section. Given
c € [0, cmax], for uw = (0, c), we have

F*(u,u;) =0
so that

Ry (0,¢) = —aS; — Z ng.Fg(uj,u)— Z B F™ (uj,u) <0

jeI? JEI™

For u = (1,¢), we have
F(uj,u) =0

and it follows that

Ru(l,e) =a(l=S)+ Y BIF(u,u;) + Y BTF"(u,uy) > 0.

JeI! JEIT

Moreover, we have

aw L OF"
fo 0y Zﬁj -3 Zﬂjagrm

r={g,m}JEIT k={g,m}JEI”

so that the function is S — Ry (S, c) is strictly increasing for a given c. Therefore
there exists a unique solution S(c) in [0,1] to the equation R (S,¢) = 0. This
concludes the proof of Step 1.

Proof of Step 2: For ¢ = 0, that is, v = (5(0),0), we have G"(u,u;) = 0 for
all j so that

Re(5(0),0) = —aSfc; +0(c*(0) = ¢*(c)) = > > BFG"(uj,u) <O0.

k={g,r} JEI*
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Since Rw(umax) = 0, for umax = (S(cmax), Cmax), we obtain from (53) that

Rc(umax) = Rc(umax) — CmaxRw (umax)
= a5} (emax — ¢;) + 6(c"(emax) — ¢ (c7))
+ 3 Y BC (wmaxs ) — Cmax P (tmax, ;)]

k={g,m}jelf

- Z Z /Bf [GK (ujy umax) - Cma.xFMi ('Ul_77 umax)] .

k={g,m} jEI"
We have
ed (umax, u]) - Crnang (umax, u]) =

. (M(S(cmax),cj)xou—sj)  Aw(S(emax), max) o(1 = S;) )>0
PN A (S(emax)s €) + Xo(1 = 5;)  Aw(S(cmax), emax) + Xo(1 — S;)/ =

because the function

o /\w(s(cmax)yc))‘o(li’gj)
/\w(s(cmax), C) + )‘0(1 - S])

is non-increasing as 83‘—&“ < 0. Similarly,
G? (U, Umax) — CmaxF? (Uj, Umax)
— mle;)eg Aw (S}, cmax) Ao (1 — S(cmax))
Aw (S, Emax) + Xo(1 — S(Cmax))
Aw(Sj, )Mo (1 — S(emax))
X (57.¢7) + Ao(1 — S(emas))
_ Crnax( Aw (S}, cmax) Ao (1 — S(cmax))
Aw(Sj, emax) + Ao(1 = S(cmax))
_ DulSeoll = Slemae)
Aw (S, ¢5) + Xo(1 = S(emax))
Aw (S5, cmax) Ao (1 — S(cmax))
Aw(Sj, emax) + Ao(1 — S(cmax))

— Cmax

<0,

+ (m(cj)ej — cmax)

because m(c;j)c; — cmax < M(Cmax)Cmax — Cmax = 0. From the definitions, we can
check that

G™ (umax, u]) - CmaxFTr(umax, u])

= (G (umae, u5) = e F? (tma, w5) ) (pe(S) = pe(S(emax)))
which is positive when j € I, that is S(cmax) > Sj, and

G” (uja umax) - CmaxFW(ujy umax)

= (67 (s, tmax) = emaxF (2, temase) ) (pe(S (ema)) = pe(S5)
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which is negative when j € I” , that is S(cmax) < Sj. Hence, Re(S(¢max), max) > 0.
From (54a) and (49), we have that

ds
de 20

so that, by (54b) and again (49), we get

d e
%RC(S(C) = |ac+ Z Z ﬁj 6‘5’ Z Z B; 55 |0
w={g,m} jEI} k={g,m} jEI"
+5*+ > D5 730 - > Zﬁyaf >0. (55)
rk={g,m} JEIF k={g,m}jeI" r

Therefore the function Rc(S(c),c) is non-decreasing and there exists a solution
¢ € [0, ¢max]. The solution (S, ¢) is unique if S > 0 because the function R.(S(c),c)
is then strictly increasing at c. In the case where the equation has a solution (S, c)
such that S = 0, the conclusion is the same as at the end of the previous section,
that is, the solution is unique only if the adsorption function is strictly increasing.
This concludes the proof of Step 2.

6 The Unsplit Transport Equations

In the previous section, we have seen that the well-posedness of the discrete system
of transport equations for segregation and capillary pressure follows as a conse-
quence of the monotonicity conditions (49) on the numerical fluxes. If we apply the
same notations to the transport equations (23) and (24) for the Darcy component,
we obtain

0= (buw,i#iS) — (bw,i9iSi)"
A
+ vlt |: Z bw,ij ‘Uij‘ Fd(u, uj) — Z bw,ij "Uij‘ Fd(’ll,j,’u)i| (56)

{dlvi; >0} {Jlvi; <0}

and

0 = [bu,i¢iSc+ ¢ (c)(1 — bret;i)] — [buw,idiSici + *(ci)(1 — breti)|”

[ T bl @) = 30 b fo| 6] )
{ilvi; >0} {jlvi; <0}
where
F(uy,ur) = )\w(Sl,)c\S(il;\il()l 57 (58a)
G (g, ur) = am(er) Ao (51 1) (58b)

Aw (S, ¢r) + Xo(1—=5p)°

We observe that the conditions (49) are not fulfilled because 2 6 * and 8Gl do not
in general have a given sign. In the case of the gravity segregatlon and capillary-
pressure terms, we have been able to formulate fluxes that satisfy the monotonicity
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conditions (49) by changing the dependence with respect to the concentration
values in GY9 and G”. The same strategy can be used for the Darcy term and, after
replacing ¢; with ¢, in the mobility terms of G?, we obtain

_ )‘w(Slch)
Aw(Sp, ) + Xo(1 = 5p)’

Fd(ul,ur) (59a)

)\w(Sth)
)\w(Sl,Cr) + )\0(1 — 51)7

G (g, ur) = cm(cy) (59b)
which indeed satisfy the monotonicity properties (49). However, the expressions
in (59), as the ones in (47), depend on both u; and w,, which means in practice
that the evaluation of a numerical flux at a given interface requires the cell values
on both sides of the interface. This double dependence prohibits the use of any or-
dering scheme. In comparison, the expressions in (58) depend only on v; and, as a
result, ordering schemes can be used to significantly reduce the computation time.
These considerations show that one of the major achievements in Section 4 was
in fact to obtain well-posedness for numerical fluxes that do not fulfill the mono-
tonicity conditions (49). They also provide us with the following discretization for
the unsplit transport equations,

0= (bw,i#iS) — (bw,itiSi)"

+ Z Z 6?Fﬁ(u,uj) — Z Z 5?Fﬁ(uj,u) (60a)

rk={d,g,m} JEI] k={d,g,x} jEI"

and

0 = [bu,ipiSc+ ¢ (c)(1 — bret;i)] — [buw,idiSici + ¢ (ci)(1 — breti)|”

S BG (wuy) = >0 Y BIG(uj,u),  (60D)

rk={d,g,m} JEIT k={d,g,m} JEI"

where F¢ and G are given by (58). From the analysis presented in the previous
sections, there are good reasons to believe that the single cell problem given by the
system of equations (60) is well posed. This question deserves further investigations
as the well posedness of the single cell problem is a strong indication of good
robustness properties of the corresponding discretization in term of choices of
numerical fluxes.

7 Concluding Remarks

A series of numerical experiments that demonstrate the efficiency and scalability
of the operator-splitting, Gauss—Seidel approach for polymer flooding are reported
in [10]. All experiments reported in [10] were run with the numerical flux (41), and
although this flux does not theoretically guarantee a well-posed scheme, we did
not encounter any convergence problems, even for quite large time steps. A topic
for future research would therefore be to conduct a thorough numerical study to
compare the stability and accuracy of the two fluxes, (41) and (47b).
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